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Abstract

A method is presented for segmentation of anatomical
structures that incorporates prior information about the in-
tensity and curvature profile of the structure from a train-
ing set of images and boundaries. Specifically, we model
the intensity distribution as a function of signed distance
from the object boundary, instead of modeling only the in-
tensity of the object as a whole. A curvature profile acts as
a boundary regularization term specific to the shape being
extracted, as opposed to simply penalizing high curvature.
Using the prior model, the segmentation process estimates
a maximum a posteriori higher dimensional surface whose
zero level set converges on the boundary of the object to be
segmented. Segmentation results are demonstrated on syn-
thetic data and magnetic resonance imagery.

1 Introduction

Medical image processing applications such as surgi-
cal planning, navigation, simulation, diagnosis, and ther-
apy evaluation all benefit from segmentation of anatomical
structures from medical images. By segmentation, we refer
to the process of labeling individual voxels in the volumet-
ric scan by tissue type, based on properties of the observed
intensities as well as anatomical knowledge about normal
subjects.

Segmentation is typically performed using a mix of au-
tomated techniques and semi-automated techniques. With
CT data, segmentation of some structures can be performed
just using intensity thresholding. In general, however, seg-
mentation is challenging and requires more sophisticated al-
gorithms and significant human input. For example, the dis-
tribution of intensity values corresponding to one structure
may vary throughout the structure and also overlap those
of another structure, defeating intensity-based segmentation
techniques. The strength of an “edge” at the boundary of the
structure may vary or be weak relative to the texture inside

the object, creating difficulties for gradient-based boundary
detection methods.

Boundary finding segmentation methods such as Snakes
[8], are generally local algorithms that require some feature
(such as an edge) to be present along the boundary of the ob-
ject, and gravitate toward that feature. These methods may
be sensitive to the starting position and may “leak” through
the boundary of the object if the edge feature is not salient
enough in a certain region in the image.

Level set segmentation involves solving the energy-
based active contours minimization problem by the com-
putation of geodesics or minimal distance curves [2, 9, 12].
In this approach, a curve is embedded as a zero level set of
a higher dimensional surface (Figure 1) [13, 16]. The en-
tire surface is evolved to minimize a metric defined by the
curvature and image gradient.

In [20], segmentation is performed by evolving a curve
to maximally separate predetermined statistics inside and
outside the curve. Paragios and Deriche in [14], build
prior texture models and perform segmentation by combin-
ing boundary and region information. These methods in-
clude both global and local information, adding robustness
to noise and weak boundaries and are formulated using level
set techniques providing the advantages of numerical stabil-
ity and topological flexibility.

Two common segmentation techniques, pixel classifica-
tion based methods [5, 7] and boundary localization tech-
niques [2, 8, 12, 20], typically include both an image term
and a regularization term. In [6, 7], a regularization effect
is included as a Markov prior expressing that structure la-
bels should not vary sporadically in a local area (eliminating
fragmentation). In [2, 8, 20], a smoothness term is added to
penalize high curvature in the evolving curve. In [11], the
regularizer penalizes only the smaller of the two curvatures
when segmenting curve-like structures such as blood ves-
sels. In most curve evolution methods, the amount of regu-
larization required is a manually tuned parameter dependent
on the shape properties of the object and noise in the image.

Our method of segmentation incorporates prior informa-
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Figure 1. Level sets of an embedding function u for a
closed curve C in <2.

tion about the intensity and curvature of the structure based
on previously segmented training data. We model the dis-
tribution of intensity over the entire image as a function of
the signed distance from the boundary of the structure. This
provides a means of representing both changes of the inten-
sity of the structure relative to its boundary and the intensity
profiles of neighboring structures as a function of their dis-
tances to the object of interest. A distribution of the curva-
ture of the structure is also modeled from the training data
to determine the degree of regularization of the underlying
level sets.

To segment an object from a novel image, we use the
ideas of the level set techniques where the boundary curve
is embedded as the zero level set of a higher dimensional
surface. Unlike traditional level set techniques that main-
tain equivalence to minimizing an energy function over a
curve, our method uses information over the entire image
and higher dimensional surface. At every iteration, each po-
sition on the surface (representing a distance to the bound-
ary) is adjusted towards a maximuma posterioridistance,
based on the image information at that position and the val-
ues of neighboring points on the surface. The intensity-
distance model directs the height of the surface towards a
likely distance, and the curvature model keeps the surface
regular.

2 The Prior Image-Surface Model

Given an imageI(x), the segmentation problem involves
finding the closed curveC that lies along the boundary of the
object of interest in the image. We define a surfaceU as the
signed distance function to the curveC. Therefore,U(x) is
both the height of the surfaceU at the positionx and the
signed distance fromx to the nearest point on the curveC.
Instead of estimating the position ofC directly, we estimate
the value ofU at every positionx in the image. OnceU is
computed, the boundary of the object is found by extracting
the zero level set ofU .

We define a statistical dependency network over the
surfaceU and the imageI . To estimate the valueUx
of U at a certain positionx in the image, we maximize
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Figure 2. (a) Statistical dependency of node samples
of the surface U and pixels of image I . (b) The direc-
tions of the normal and tangent of U are shown at the
position x. The contour curve of height Ux is drawn.

P (Ux j I; UnUx), namely the probability of the height of
the surface at that point, given the entire image and the rest
of the surface. This expression is difficult to model, given
all the dependencies. We therefore simplify the problem to
a Markov network with only local dependencies. The links
of the nodes in Figure 2a represent the dependencies con-
sidered. We assume the height of the surface at a certain
point depends only on the intensity value of the image at
that point, and the neighboring heights of the surface. This
assumption can be expressed as:

P (Ux j I; UnUx) = P
�
Ux j Ix; UN (x)

�
(1)

whereN (x) is the neighborhood ofx.
Using properties of our network, we derive an expres-

sion for the above probability consisting of terms we will
estimate from a set of training data.

P (Ux j Ix; UN(x)) =
P (Ux; Ix; UN(x))

P (Ix; UN(x))
(2)

=
P (Ix; Ux)

P (Ix; UN(x))

P (Ux; Ix; UN(x))

P (Ix; Ux)
(3)

=
P (Ix; Ux)

P (Ix; UN(x))
P (UN(x) j Ix; Ux) (4)

=
P (Ix; Ux)P (UN(x) j Ux)

P (Ix; UN(x))
(5)

The definition of conditional probability is used in Equa-
tions 2 and 4, and we are multiplying by the identity in
Equation 3. In the final expression, we note that when con-
ditioned onUx, the heights of the surface at neighboring
locations do not depend onIx.

The first term in Equation 5 is theimage term, that relates
the intensity and the surface atx. The next term relates
the neighborhood ofU aboutx to Ux, and will act as a
regularization term. The following two sections describe a
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Figure 3. Top: One example of three training sets of random ellipses under different imaging conditions The red
contour shows the boundary of the object. Bottom: The joint intensity/distance-to-boundary PDF derived from the
training set. Left and right of the white vertical line indicate the intensity profile inside and outside the object.

means of estimating these functions based on prior training
data. The denominator of Equation 5 does not depend on
Ux, and thus is ignored during the estimation process.

2.1 Intensity Model

We define a joint distribution model,P (i; d), that re-
lates intensity values,i, to signed distancesd, based on
a set of training images and training segmentations. Let
fI1; I2; : : : ; Ing be a set of images of the same modality
containing the same anatomical structure of various sub-
jects andfC1; C2; : : : ; Cng be the set of corresponding seg-
mented boundary curves of the anatomical structure. Let
Uj be the signed distance map to the closed curveCj .
The training setT , is a set of image-surface pairs,T =
fhI1; U1i; : : : ; hIn; Unig. We use a Parzen window den-
sity estimator with a Gaussian windowing function to model
the joint distribution. The PDF is the mean of many 2D
Gaussians centered at the positionshIj(x); Uj(x)i for ev-
ery pixel in every training image:

P (i; d) =
1

Z

nX
j=1

X
x2X

e

�
�

(i�Ij (x))
2

2�2
i

�
(d�Uj (x))

2

2�2
d

�
(6)

whereX is the set of all positions in the image,�i and�d
are the variances of the Parzen kernel, and the normalization
factorZ = (2��i�dnjX j)�1.

Figure 3 illustrates the estimated joint probability den-
sity functions for random ellipses with various contrast sce-
narios. Notice that Ellipse A can be easily segmented us-
ing a gradient based method, but cannot be thresholded,
as the intensity distribution inside and outside the object
overlap significantly. On the other hand, simple gradient

methods would fail to extract Ellipse B due to high tex-
ture, while a single intensity threshold isolates the object.
Neither scheme would work for Ellipse C, as higher level
knowledge is required to know which edge is the correct
boundary.

Figure 4 illustrates the estimated joint PDFs for the cor-
pus callosum and slices of two acquisitions of the femur.
In the sagittal scan of the femur (Figure 4d), the dark layer
around the brighter, textured region is cortical bone, which
gives essentially no MR signal. Without prior knowledge
of the intensity distribution of the entire femur, the cortical
bone could easily be missed in a segmentation. However,
by training a joint distribution over intensity and signed dis-
tance, we generate a PDF that encodes the fact that the dark
region is a part of the object. This example is similar to the
synthetic ellipse in Figure 4a.

2.2 Curvature Model

Boundary detection methods commonly use a regulariza-
tion term to uniformly penalize regions of high curvature,
independent of the structure being segmented [8, 2, 20].
Our goal is to use the termP (UN(x) j Ux) as a local regu-
larizer, but one that can be estimated from a set of training
data, and thereby tuned to the appropriate application. One
method of modeling this function is to create a 5D Parzen
joint PDF overUx and its four neighbors. A drawback of
this approach is that a 5D space is difficult to fill and thus
requires many training samples. Furthermore, the neigh-
borhood depends on the embedded coordinate system, and
would give different results based on the pose of the object
in the image (consider a square aligned with the axes ver-
sus one rotated by45Æ). Therefore, instead of considering
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Figure 4. Top: One example of each of four training sets of objects. Middle: The joint intensity/distance-to-
boundary PDF derived from the training set. Bottom: The curvature profile of each object class. Notice that the
ellipse class has only positive curvature.

the four neighbors (two horizontal and two vertical) in the
“arbitrary” embedded coordinate system, we use four (in-
terpolated) neighbors in the direction of the local normal
(n̂) and tangent (̂t) to the embedded curve (see Figure 2b).
In other words, we reparameterize to an intrinsic coordinate
system based on the surface:

P (UN(x) j Ux) = P (Uh+ ; Uh� ; Uv+ ; Uv� jUx) (7)

= P (Un̂+ ; Un̂� ; Ut̂+ ; Ut̂� jUx) (8)

= P (Un̂+ ; Un̂� jUx)P (Ut̂+ ; Ut̂� jUx) (9)

The last step makes the assumption that the neighbors in
the normal direction and those in the tangent direction are
conditionally independent givenUx.

We now model the terms in Eq. 9 based on properties of
the surfaceU and prior knowledge of the boundary to be
segmented. WhileU is considered to be a finite network of
nodes andUx a particular node, we defineu(x) to be the
analogous continuous surface overx. We derive the rela-
tionship betweenUx and its neighbors by considering the
first and second derivatives ofu(x) in the directions of the
normal and tangent to the level set atx. The unit normal
and unit tangent to the underlying level set ofu are defined
as:

n̂ =
ru

jruj
=

1

(u2x + u2y)
1
2

�
ux
uy

�
(10)

t̂ =
1

(u2x + u2y)
1
2

�
�uy
ux

�
(11)

To compute the directional derivatives, we first evaluate
the second-order Taylor expansion ofu atx in the arbitrary
direction ofw:

u(x+ �w) = u(x) + �
@u

@x
w +

�2

2
w

T @
2u

@x2
w + : : : (12)

which yields a general expression for derivatives ofu in the
direction ofw:

@u

@w
=

@u

@x
w (13)

@2u

@w2
= w

T @
2u

@x2
w (14)

Evaluating the first partial in both the directions ofn̂ andt̂
yields:

@u

@n̂
=

@u

@x
n̂ = jruj (15)

@u

@t̂
=

@u

@x
t̂ = 0 (16)

These results are not surprising given thatn̂ by definition
lies in the direction of the gradient. Note that whenu is a
signed distance map,@u

@n̂
= jruj = 1.



We now compute expressions for the second derivatives:

@2u

@n̂2
= n̂

T @
2u

@x2
n̂ =

uxxu
2
x + 2uxyuxuy + uyyu

2
y

u2x + u2y
(17)

@2u

@t̂2
= t̂

T @
2u

@x2
t̂ =

uxxu
2
y � 2uxyuxuy + uyyu

2
x

u2x + u2y
(18)

In the special case whenu is a signed distance function, it
can be shown that@

2u
@n̂2

= 0 and @2u

@t̂2
= � where the curva-

ture of the underlying level set,�, is given as:

� =
uxxu

2
y � 2uxuyuxy + uyyu

2
x

(u2x + u2y)
3
2

(19)

In summary, here are the values of the first and second
partial derivatives ofu in the tangent and normal directions
under the constraint that the surfaceu is a continuous signed
distance map:

@u
@n̂

= 1 @u

@t̂
= 0

@2u
@n̂2

= 0 @2u

@t̂2
= �

(20)

We can use this information about the ideal distance map
and underlying curvatures to regularizeU atx. Consider the
formulas for (centered) finite differences of an arbitrary 1D
function.

df(x)

ds
�

f(x+ s)� f(x� s)

2s
(21)

d2f(x)

ds2
�

f(x+ s) + f(x� s)� 2f(x)

s2
(22)

Notice thatf(x) does not appear indf(x)
ds

, indicating that
changingf only at one position at a time cannot change the
local slope. However, changingf(x) does directly affect
the second derivative, so we model the relationship between
Ux and its neighbors to adhere to the second derivative con-
straints.

We define the likelihood of the neighbors in the normal
direction to be:

P (Un̂+ ; Un̂� jUx) =
1

Z1
exp

 
�
(Un̂+ + Un̂� � 2Ux)

2

2�21

!
(23)

whereZ1 is a normalization factor and�1 determines the
strength of the constant-normal-direction constraint. This
has the effect of keeping the gradient magnitude of the sur-
face constant (however not necessarily 1), preventing the
surface from evolving arbitrarily. Typically one needs to
extract the zero level set and reinitialize the distance func-
tion from time to time during the evolution. This direction
of regularization reduces the need to reinitialize the surface.

As for the likelihood of the neighbors in the tangent di-
rection, we seek an expression that takes into account the

curvature profile of the training data. A convex shape, for
example, has non-negative curvature everywhere, so if the
training set consists of all convex shapes, the level sets of
the surface should stay convex throughout the estimation.
The fact that a polygon has bi-modal curvature (0 and1)
could be used to define a polygon-finder, if the surface can
be constrained to match the distribution of curvatures of the
training set. For each training surface,Uj , we compute a
curvature map�j using Equation 19. We then define a PDF
which encourages the curvature as reflected in the discrete
differences(Ut̂+ +Ut̂� � 2Ux) to be consistent with curva-
tures observed in the training data (�j(x)). The PDF is de-
rived using Parzen windowing, similar to the intensity PDF
defined in Section 2.1.

P (Ut̂+ ; Ut̂� jUx) = (24)

1

Z2

nX
j=1

X
x2X

exp

�
�
jj(Ut̂+ + Ut̂� � 2Ux)� �j(x)jj2

2�22

�

The third row of Figure 4 shows the curvature profile of
training sets of various objects.

In summary, the regularization of the surface is broken
down into a regularization in the local normal and tangent
directions. The second derivative in the normal direction
is modeled as a zero mean, low variance Gaussian to keep
the surface linear in that direction. A distribution over the
second derivative in the tangent direction (e.g. the curvature
of the level sets) is derived from the training data and used
as an object-specific curvature regularization term.

3 Surface Estimation

In the previous section, we defined a model of the em-
bedding surface of the boundary that we wish to estimate
given a novel image. Starting with an initial closed curve,
we build the higher dimensional surface by computing the
signed distance to the curve at every point. Given the prior
model and the image, the height of the surface at locationx

is related to the image intensity atx and the local neighbor-
hood of the surface by the following equation:

P
�
Ux j Ix; UN (x)

�
/ (25)

P (Ix; Ux)| {z }
Image Term

P (Ut̂+ ; Ut̂� jUx)| {z }
Curvature Term

P (Un̂+ ; Un̂� jUx)| {z }
Linearity Term

We use this equation to re-estimate each surface point inde-
pendently, maximizing its log probability while assuming
the rest of the surface is constant.

Ux = max
Ux

logP (Ux j Ix; UN (x)) (26)

Instead of finding the global maximum of the PDF for each
Ux, we adjustUx in the direction of increasing probability



towards the local maximum by differentiating the log prob-
ability in Equation 25.

Ux = Ux + �

�
d

dUx
logP (Ux j Ix; UN (x))

�
(27)

This update is repeated until there is little change in the sur-
face. While small, local oscillations in the surface can occur
if the step size� is too high, in practice, an empirical value
of � can easily be found such that the surface evolves in
reasonable time without oscillations.

The linearity regularization term that acts on the surface
in the direction normal to the level set keeps the gradient
magnitude locally constant, but in general the surface does
not remain a true distance function. We therefore extract
the boundary and reinitialize the distance map when the
gradient magnitudes stray from 1. The regularization term
greatly reduces the need to reinitialize, but it does not elim-
inate it. Typically reinitialization occurs once or twice dur-
ing the segmentation, or about every 50 iterations.

For efficiency, most level set methods do not evolve the
higher dimensional surface at every point over the image,
but just in a narrow band around the boundary of the object
[12]. As most level set segmentation methods are equiva-
lent to curve energy minimization, the band size should not
affect the results. Banding in this way can also be applied to
our method of surface estimation, but clearly anything out-
side the band would not contribute to the surface estimation.
In the 2D examples presented here, banding was not used,
but for efficiency, banding will most likely be a necessity
when the method is extended to 3D segmentation.

Some level set segmentation methods require a balloon
force be added to the evolution when the initial curve is
placed inside the object [2]. This is due to the fact that the
regularization term by itself will shrink the evolving curve
to a point if the boundaries are not close enough to the edge.
A balloon force counteracts the regularization force and
pushes the curve outward. In our method, a balloon force
is generally not necessary even when starting only from in-
side the object, as the intensity vs. distance distribution will
force the curve to grow or shrink as appropriate. However,
in cases where the intensity distribution inside and outside
the object are very similar (e.g. Figure 3A), only a force
at the boundary is felt, which may not be strong enough to
pull the zero level set to the edge. For cases such as this, a
balloon force is added to the system to force the expansion.

4 Results

We report results of testing this method on synthetic data
and 2D slices of MR data. Three sets of ellipses were used
to test the algorithm under varying contrast conditions. In
each case, a training set of 25 random ellipses was gener-
ated and used to derive the intensity and curvature model.

A novel random ellipse was generated using similar ren-
dering for segmentation. Figure 5 shows the results of the
segmentation. In the top row, there are two starting curves
for the ellipse with the strong edge. In the first case only,
(a), a small balloon force was required to push the curve
outward, as described above. In case (b), the initial curve
crossed the edge, so no balloon force was necessary. Figure
5c–d show the segmentations of the other two renderings.
In (d), both the interior bright region and the dark boundary
are included in the segmentation due to the prior intensity
model, consistent with the training images.

The sensitivity to the initialization of the curve is de-
pendent on the intensity profile of structure of interest rel-
ative to its background. In the synthetic image (a), the
object and background have almost identical intensity dis-
tributions, making it locally indistinguishable whether the
evolving curve lies inside or outside the object. Therefore,
if part of the initial curve was initialized completely outside
the object, then it would not disappear, causing an incorrect
segmentation. Global shape information can be added to the
segmentation process to correct the local ambiguity [10]. In
the other segmentation examples, even though there is some
amount of intensity overlap, the intensity profiles are differ-
ent enough that the algorithm is robust to a wide range of
initial conditions: the initial curve need not directly overlap
or fall inside the structure of interest.

The segmentations of two corpora callosa are shown in
Figure 6. The training set consisted of 48 segmented cor-
pora callosa. Notice that the intensity distribution in Figure
4b is consistent and compact, despite the large number of
images. Due to the topological invariance of the level set
method, the contours grow, shrink, combine, and split to
reach the final segmentation. The algorithm is generally ro-
bust to initialization, as long as some portion of the object
lies inside the initial curve.

Figure 7 shows the segmentation of two slices of femurs
from two different MR acquisitions. In each case, the train-
ing set consisted of the ten neighboring slices of the test
slice. In the axial slices (a), the surface evolves such that
the zero level set converges on the boundary of the femur.
Notice that in the third image, the two dark spots in the fe-
mur create a “snag” for the zero level set as the distances
for the dark intensities are much more likely to be outside
the object. However, the neighborhood term distributes the
information and pulls the region inside the object. Also note
that there are other regions in the image with intensity val-
ues in the range of those inside the femur. One such region
can be seen surrounded by the boundary in the lower left
area of the third frame. Again, the neighboring information
and curvature prior cause this region to correctly be left out
of the segmentation.

The sagittal slice of the femur in (b) illustrates both a
strength and a weakness of the method. The final bound-



ary successfully captures both the marrow inside the bone
and the dark region of cortical bone at the boundary. Fur-
thermore, the segmentation excludes the cartilage, which is
the mid-tone semi-circular strip at the bottom of the image.
However, the boundary does leak into the muscle located in
the upper left as the intensities very closely match those of
the interior of the femur. Using a texture measure in addi-
tion to the intensity could prevent this leakage.

5 Future Work

While the results presented here were on 2D imagery, the
algorithm is easily extendable to 3D. In three dimensions,
the boundary is a closed surface and the distance function
is a 4D hyper-surface. The method of acquiring the prior
intensity information would remain unchanged. The curva-
ture prior would have to be adapted, as the level sets of the
hyper-surface have two principal curvatures at every point.
Instead of training on one curvature, the joint distribution of
the first and second curvatures could be modeled, allowing
shapes with a certain joint-curvature profile to be favored
(as done explicitly with vessels in [11]). Also in the ex-
tension to 3D, some amount of banding may be necessary
for efficiency, so that the hyper-surface is only updated in a
band of a certain number of voxels away from the boundary.

Currently, our imaging model consists of relating inten-
sity to distance from the boundary. However, other mea-
sures derived from the image can be used in this framework,
such as image gradient (rI), texture measurements, or even
the image gradient in the intrinsic coordinate system of the
level sets (rI � rU ). These other measures may be more
appropriate for segmentation of some anatomical structures.

In conclusion, we have presented a novel method for seg-
menting anatomical structures that includes prior informa-
tion about intensity and curvature as a function of distance
to the object boundary. The approach uses the idea from
existing level set methods of representing the boundary as
the zero level set of a higher dimensional embedding func-
tion, and estimates the maximuma posteriorisurface whose
zero level set converges on the boundary of the object to be
segmented.
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(a) (b)

(c) (d)

Figure 5. The results of segmenting various ellipses. Each group consists of the initial, middle, and final steps
in the evolution with the zero level set of the surface overlaid. In each case, the training set consisted of random
ellipses with similar rendering. A balloon force was added only for (a) as described in the text.

(a)

(b)

Figure 6. Initial, middle, and final steps in the segmentation two corpora callosa. The training set consisted of
48 other corpora callosa with the same MR imaging parameters. The cyan curve in the last frame of each is the
manually-segmented ground truth.

(a)

(b)

Figure 7. Initial, middle, and final steps in the 2D segmentation two acquisitions of the femur. In each case, the
training set consisted of the ten neighboring slices of the test slice. The cyan curve in the last frame of each is the
manually-segmented ground truth.


